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Summary

Failures resulting from fatigue processes are a dangerous type of aircraft damages.

This article presents an attempt to determine the probability of the occurrence of catastrophic
failures of aircraft elements as a result of fatigue processes including basic stages, i.e. the crack
initiation and the crack growth after the initiation in subcritical states.

The possibility to assess the probability of the occurrence of catastrophic failures in the
function of the flying time is essential to develop control systems of a technical state of basic
aircraft systems. In other words, it is essential for maintaining the required flight safety level. The
probability of the catastrophic damage (failure) can be also considered as an element of the risk in
the operation of aircraft.
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1. Introduction

During the operation of aircraft, the construction undergoes a degradation
process as a result of random load, which leads to failure. Fatigue of
construction is the process of degradation. Catastrophic failures are caused by
fatigue process [2, 3, 4]. Catastrophic failures are random events in the process
of aircraft operation. They are rare but fraught with consequences.

It is assumed that the process of formation of catastrophic fatigue failures is
characterised (in some cases) by certain stages. A simple course of fatigue
process includes the following three basic stages:

e (Crack initiation,

e Crack growth in subcritical state, and

e The destruction of the construction element after the exceeding of the critical
crack length.

The formation process of the risk of catastrophic failure (in a particular
case) begins with the crack initiation, which leads to the formation of a crack of
a particular length. This crack relates to relations describing the crack growth,
for example, the Paris formula.

The period in which the process of the crack initiation takes place is the
stage that precedes the fundamental process of the crack growth until the critical
value is reached. The critical value involves the destruction of the construction.
Therefore, the stage of the crack initiation can be treated as the first stage of the
destruction of the construction after which there is the second stage including
the crack growth until the critical value is reached.

Therefore, it can be assumed that a parallel reliability structure of the
destruction of the construction element is formed. The structure includes the
crack initiation, then the subcritical crack growth, and the third stage, i.e. the
catastrophic destruction of the construction.

2. Determining the probability of the crack initiation as a random process

We assume that the crack initiation in the element is caused by the
accumulation of the degradation of an internal structure of the element as a
result of the changing load. The changing load leads to accumulation of fatigue
symptoms in different parts of the element, for example, various kinds of
,,obstacles”.

We assume that, among places where effects accumulate, there is one
leading place in which the crack initiation occurs as a result of the accumulation
of fatigue effects. As an example, near this selected “obstacle” dislocation,
accumulation takes place.



Method of describing a catastrophic failure of an element of an aircraft 89

Let W be a parameter that is used to measure accumulated destructive
symptoms of fatigue of the element structure surrounded by obstacles.
Therefore, we can assume that a prognostic parameter for measuring the chance
of the crack occurrence (its initiation) is the parameter ¥ . We digitise the

prognostic parameter ¥ in the following way: E, E,E,,...,E,... We define

these points as states of the process of the increase in fatigue effects before the
crack initiation as a result of the action of load. Accumulated fatigue effects in
the surrounding of the obstacle favour the crack initiation.

We assume that, in case of each state, there is a specific probability of the
crack occurrence (the crack initiation). The probability of the crack initiation
increases along with the increase in the state £;(1=0, 1, 2, ...).

Figure 1 presents the increase in fatigue symptoms in the surrounding of the
obstacle as a result of load, which connects with higher and higher state. A
factor that forces the change of a state is the probability of the occurrence of the
load cycle AAf, where A is the intensity of the occurrence of the load cycle. In
each state, there is probability of the crack initiation.

4, (1) = (uty + ke )At (1)
where: 4, - the intensity of the crack initiation at the initial moment,
ku — the intensity of the crack that depends on the state of

accumulated fatigue effects.

n"
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k+1 E k+2 ;E

A, (= kAt

Fig. 1. Diagram of diagnostic parameter digitising: /& — mean value of diagnostic parameter
increase at the time Ar, AAr — the probability of load cycle occurrence at the time Ar
Rys. 1. Schemat dyskretyzacji parametru diagnostycznego: h — srednia warto$¢ przyrostu
parametru diagnostycznego w czasie Ar, AAr — prawdopodobiefistwo pojawienia si¢ cyklu
obciazenia elementu w czasie At

Let ﬂ(t) denote the probability that, at the moment ¢, the value of a

diagnostic parameter reached the state E, (where k =0, 1, 2, ...). Having the

above assumptions, we can form the following set of equations (with infinite
number of equations) [1, 5]:
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P,(t+At)= P, (t)1— (1, + A)At]+0(At),
. fork=12,.. (2
P (t+At)= P ()1 - (g, +ku+ A)At]+ P,_ (1) AAt +0(At)

After converting and dividing both sides of k — equation by At with the
transition to the limit Ar — 0, we obtain the following set of equations:

Poﬁ) = _(/'lo +1)Po(t)a
: fork=12,... 3)

6=t + 2 k)P, 1)+ 28,

Initial condition for each of these equations can be written in the following
form:

1 fori=0
P(0)= 4
) {Ofori;tO @

Using a recursive method, we solve the set of equations (3).

Solution for k =0

Py (1) =~(uty + AR, ().

j P‘)l(t)dt:—j (1 o+ A)dt

Hence,
Py(t)=C, e WP (5)

For t=0, F(0)=1 hence C,=1.

Solution for any k
For any k, the differential equation has the following form:

P(t)=—(uy+ku+A)P(t)+ AP (t) for k=1.2,... (6)
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In this case, we provide the following solution:
P.(t)=C,(t) e “! (7)
The derivative of the relation (7) has the following form:
PL(E) = CL(De~ WDt £ (A=A +pp))e~ Wt ()

Substituting the above equation into the relation (6), the following formula
was obtained:

C.{ (1‘)6‘ =g+l _ I':f{ T ;i.;.)f;{ (1‘).'_:-":.'.4.;.-;’__'-: =

=—(uy +ku +4) Fk[r) + 4 :_P.'«:—'l[r)
ot ,::.I-.E—._.'L.;.+F..'r Co_.ithe —lpg+dle

Hence, we obtain the following equation:

Cllc (t) =—kuC, (t) + ﬂ’Ck—l (t)’

©))
Cllc (t)+ kp Cy (t) =AC,, (t)
The equation (9) for k=1 will equal
C(t)+ucC,()=4 (10)

The general notation of the differential equation (10) has the following
form:

y +P(x)y=Q0(x).

The solution of the relation is below:

—dex t dex
y=e ero dx (11)
0

Using Formula [11], we can write the solution of equation (10) in the
following form:



92 Henryk Tomaszek, J6zef Zurek, Mariusz Wazny

—jydt t j,udt t t
C(t)=e® j/Ie ° dt =e”’U/1 e’”dt]ze’”/ile”’ =
0 0 Hu 0
=e_’”i(e’”—1)=i—ie_’” (11)

U

For k =2, Equation [10] has the following form:

, A A
:2 = M
C,(t) =24 C,(1) /1(# i ] )

The solution of the Equation [12]

—j2,ut t 2 2 j2,udt 2 2
C,()=e” I/'t(i—ie"”je 0 dt=e‘2’”(iie2’“ —ile”"j

t

0 MU U M 2u uou 0
2 2 2 2 2 2 _ 92 2
:e—2/n 2'_262/11 _ 2’ - _izeﬂt +2'_2 :e—2/n Lzezut + 22’ 22' _izeﬂt —
2u u u u 2u ut p
2 2 2 2 2
2u” 2u U 2u U

The equation describing the function was converted to the form that
suggests the form of this function in a general case

rr L. Ao
Cz(t)=? e 21 ——Ze”

+— -2,
ue2u H

2 2 2
2C,(1) = %—% e +ize_2’”.
U U
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Hence,

2
cza):(i—ie-ﬂf] 1 (14)
4 ou 2

The form of the equation (14) enables us to provide the notion of the
function in a general form. This relation has the following form:

k
Cku):l(i—ie-f“j (15)
il u

Using (15), we can write the solution of the equation (6). These solutions
have the following form:

k
Pk(t)z—[——— e“”j ¢ HoT A1 k=1,2,.... (16)
U

Using Relations (5) and (16), we can determine the reliability of the
element (non-initiation of the crack). Hence:

R0=Y B,

k

= 1(A A

R (1) = —(———e‘”j g ot (17)
‘ ; K\ u u

The following equality occurs:

- Y
> l(i_ie—mj T (18)
i kK\u u

Using the relation (18), the formula for the reliability has the following

form:

A2

R (l) = et ,Lte e—(/lu*ﬁ)f
, =
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i(1— M)~ (g + )t

Hence, R (t)=e" (19)

Based on the above relation, the probability of the crack initiation for the
flying time ¢ will equal

A - ety (g + )1

0, =1-¢" (20)

3. Determining the relation for the crack growth after the occurrence
of the crack initiation in the construction element

1) We assume the following [5, 6]:

— After initiation, a small crack /, occurs in the construction element;

— A technical state of the element is determined by one parameter in the
form of the crack length. The current value of diagnostic parameter is
marked with [;

— The change of the crack length can occur only during the operation of
a device;

— In the analysed case, the Paris formula has the following form:

dl m-m
TN - Mo T
¢ (21)
where: ¢, m — material constants;
N, — the variable meaning the number of cycles in the assumed load
spectrum;
M, — the coefficient of finiteness of dimensions of the element in
the crack location;
Oomx — Mmax. load that is determined by the relation (3).

2) It is assumed that a destructive factor is the load of the element in the form of
the assumed load spectrum. We assume that this load spectrum enables
determination of the following:

— The total number of load cycles N, during one flight (the standard cycle);
— In the assumed spectrum, max. threshold  loads are

1 2 L
(0}

max> Omaxe s Omax (W€ assume that there is L-thresholds in the load

spectrum);
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— The number of repetitions of determined load threshold values equals n;,
where

n.

l

: (22)

N, =

L
=

3) Max. values of loads for the assumed thresholds are determined in the
following way:

O =0, +0, (23)
where: 0! max. value of load for i-threshold;
0. — mean value of load for i-threshold;
—~i rinax - O-rinin
O-vr -
‘ 2
o ; — the amplitude of cyclic load for i-threshold.
4) Values of threshold load O'Ilnax, O'iax,..., O'Iflax correspond to the following

frequencies of their occurrence:

M_p M_p M_p
N, N, N,
where: B+P +..P =1.

Based on the above assumptions, we will attempt to determine the form of
the density function of the crack length that depends on the time of the operation
of an aircraft (flying time).

The relation (21) can be represented in the form of the function of the
flying time of an aircraft. For this purpose, we assume the following:

N, =it (24)

where: 4 — the intensity of the occurrence of load cycles in the assumed
spectrum.
t  — the flying time of an aircraft.
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In the assumed case

A=—
At

where: At — mean time of fatigue cycle in the assumed spectrum.
We can assume a working formula for determining in the following form:

T
At =—
N

where: T — flight duration time of the standard cycle.

The relation (21) in the function of the flying time has the following
form:
dl z
—=ACM " (0, )" 7?1
dt ‘

1]

(25)

The form of the solution of the equation (25) depends on the value of the
index of the power m. In the considered case, we assume m=2. Hence, the
equation (25) has the following form:

§=/1CM,f(amax)27zl (26)
t

The crack growth for the increase of the flying time Af is:

Al=ACM}(o,, ) mlAt

(27)

Using the previous findings, we can determine the relation for the density
function of the crack length in the function of the flying time of an aircraft. Let
U,, denote the probability that, at the moment ¢ (for the flying time = ¢), the
crack length will /. For the assumed notation, the dynamics of the crack length
growth was described by the following differential equation:

Uppons = 2 BU o1 (28)



Method of describing a catastrophic failure of an element of an aircraft 97

where: Al = CM (o' )Vl /1At i=12,..,L (29)

max

P; — the probability of the occurrence of, provided that P;+P,+...+P;=1.

The Equation (8) in the functional notation has the following form:

L
U(l,t+An) =Y PU(I—AL,t) (30)

=1

We convert the equation (10) to a partial differential equation. We assume
the following approximations:

u(lot+ A = utt.y+ 2D A
du,n) 1%,
[— ALty =u(l.t)— Al + ! 31
u( St =u(l,t) Y e (AlL) (31)

Substituting (31) into (30), we obtain the following:

L 2
u(l,t)+au(l Dpr=3p { (- 24D 5y 19 ”(l")(Azi)z}

par a2 A’
ou(l, t) 3 au(z 1) & 19°(L1) <
a Z ol Z}
Hence
L L 2
du(l,1) _ L PL du(l, 1) lisz( , d u(i,t) 32)
ot AtS o 2A4G ol
—_— —
a(t) A1)
where: &(f) — mean crack length growth per unit of time;

B(t) — mean square of the crack length growth per unit of time.
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The transformation of the coefficient () of Equation (32):
1 < 1 < Ypoi \2
ait)y=—> A, =—> CMP(0,,) wliAt =
At 45 At ‘5

=ACM zl[P(c. )V +P (0., ) +..+ P (05 )]=

E[67]

=ACM zElo. 1l (33)

where: E[0. ] — the second moment of load of the construction element.

max

For the purpose of determining the relation for the crack length [ from
deterministic perspective, the following relation was used:

dl
—=ACM 7 Elo. ]l
dt
Hence
] dl t
[ <-=[ acmiz Elo}, dt,
Loy
Therefore
=1 eﬂCM,f E[o}y 17t
We will denote
CM}m=C,
C Elo,,1=C, (34)
The relation for the coefficient ¢(¢) has the following form:
(35)

a(t)=AC, 1, e*9"
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Acting in a similar way, we can determine the relation for the value of the
coefficient f(r). After transformations, the equation (32) has the following

form:

ou(l,r) — () ou(l,t) +l
ot ot 2

o%u(l,t)
oI’

B() (36)

The special solution of the equation (36) is the density function of the crack
length in the following form:

_(-B1)?

u(l,t)= S e 0 (37)

A2 A(2)

where: B(f) — mean value of the crack growth for the flying time #;
A(t) — the variance of the crack length for the flying time 7.

For the material constant m=2, coefficients A(t) and B(¢) are the solution of
integrals:

B(t)= | a()dt=1,(*%" 1) (38)
0
AW =[ Byt = %zj C, (™" -1) (39)
0
where:
__Elo,,]
(Elo,

Using the previous findings, the reliability of the construction element is as

follows:
Ly

R, ()= [ ull.n)dl (40)

1 _(U-B@)*
where: ull,t)=——=e

A 27 A(t)
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Considering the Relations (38) and (39), we obtain the following form of
the integrand in Relation (40):

(U-1,e* 1)’
1 o 3G )

u(l,r) =
\/275‘1261 (5 —1)
2 0

(41)

We standardise the random variable [. As a result of standardisation, we
obtain the new random variable ,,z”. Its mean value equals O and its variance
equals 1.

_ [—B(1)

JA®)

After standardising the random variable, the Formula (23) has the following
form:

<

I, —B(t) )
JA® 1 _z
Rz [ —=e *dz (42)

S A2

4. Final relations for the assumed stages of the crack development

The reliability of the element including the stages of the crack development
is as follows:
RO =R ®)+(1-R ()R, (1)) (43)

The unreliability, i.e. a specific risk of catastrophic failure is as follows:

Q(t) :Ql(t)'Qz(t) (44)

The relations (43) and (44) can be written in the following form:

1y<l,

R(t)=R () -(1-R (1) [ ul,t)da (45)

Q1) =(1—-R,®) [ u(l,t)da (46)
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It can be presented that the stages of the crack growth form a parallel

reliability structure. Failure of a parallel structure occurs when its all elements
are damaged. Hence, it can be written as follows:

0t)=(1-R ) | ul,t)da,

L

R()=1-(1-R, (1)) T u(l,t)da.

b

Hence, we obtain the following relation (43):

Ly

R(6)=R,(t)+(1-R,) [ u(l,t)da.

Considering only the probability, the risk of the catastrophic failure of the

construction element, including the crack, will be determined by Relation (46).

The value of the possibility of failures of the construction can be used to

develop a control system of a technical state of an aircraft in the function of the

flying time.
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Metoda opisu uszkodzenia katastroficznego elementu konstrukcji statku
powietrznego

Streszczenie

Niebezpiecznym rodzajem uszkodzen statkéw powietrznego sa awarie konstrukcji na tle
proceséw zmeczeniowych.

W artykule podjgto prébg okreslenia prawdopodobienstwa powstawania uszkodzen
katastroficznych elementéw konstrukcji w wyniku dziatania proceséw zmeczeniowych,
uwzgledniajac podstawowe etapy, tj. inicjacji pgknigcia elementu konstrukcji i rozwoju pgknigcia
po inicjacji w stanach podkrytycznych.

Mozliwo$¢ szacowania prawdopodobienstwa pojawiania si¢ uszkodzen katastroficznych
w funkcji nalotu statku jest niezbgdna dla opracowania systemow kontroli stanu technicznego
podstawowych uktadéw statku powietrznego dla zachowania wymaganego poziomu
bezpieczenstwa lotéw. Prawdopodobienstwo uszkodzenia katastroficznego (awarii) moze by¢
réwniez przyjete jako element sktadowy pojecia ryzyka w eksploatacji statkéw powietrznych.



