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Summary

This paper describes a method for the evaluation of the fatigue life of a structural component
of an aircraft for constant and variable amplitude loading, using deterministic description of
fatigue crack growth based on Paris equation with corrective coefficients. The coefficients take
into consideration crack and element geometry and phenomena connected with variable amplitude
loading effects. Final equations for fatigue life calculations were carried out for two special cases:
when the exponent of the Paris formula is m = 2 and m = 4. Examples show the application of the
method and indicate numerical verification of the mathematical model.
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1. Introduction

This paper assumes that crack /, occurs in a given structural element during
operation, and it increases under variable loading to admissible (safety) length
;. The crack growth process, approached in a deterministic way, has been
described with the Paris formula in the following form:

ﬂ — m 1
Frie C(AK) (1)
where: 4K — range of stress intensity factor,
C,m — material constants,
N — variable which represent number of load cycles.

According to equation (1), structural element fatigue life can be express by
the following equation:

_ lg 1
Nig = 'rf-o CAK)™ dl 2)

The above-mentioned integral (2) is sometimes hard to solve. Troubles are
caused by the coefficients, which are dependent on actual crack length.
Mathematical model consists the coefficients which improve accuracy but on
the other hand makes analytical solution difficult. An example of this coefficient
is a variable described as M) which specifies the influence of crack location and
dimensions in relation to structural element dimensions on crack growth
velocity. Admissible crack length /; can be described with use of the stress
intensity factor in the following form:

K = Mko'm 3)

Stress intensity factor (3) becomes a quantity of a critical value K. when the
crack length and the stress takes critical values /;, and o, respectively. Then it is
called “resistance of the material to cracking”.

K. = Mko-kr\j Ty, 4)

Exceeding the critical value of the crack length usually leads to
a catastrophic damage to the component. If a factor of safety is introduced, one
can find the admissible value of the crack. The computational formula takes the
following form:
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I _ K&
d— kM{of, ®)

where: k — factor of safety.

2. Fatigue life of selected structural elements under constant amplitude
loading

Equation (1) in the developed form is as follows:

dl m m
— = UCM}'(Ac)"rz 12
dN (6)
where: U — empirical function of crack closure contribution to crack
growth relates to stress ratio R,
Ao —  the range of stress in one cycle A6 = G- Gpins
M, — geometrical coefficient (Fig. 1) defined for specified
geometry by relation [1]:
M, = 1—01(i)+(i)2
T Aw w @)

w — structural element dimension in the direction of crack growth.

Fig. 1. Element geometry with central crack
Rys. 1. Geometria elementu z centralnym peknigciem
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Notation of the coefficient M, was assumed in the following form:

M = a + bx + cx? (®)
where: x=La=10Db =—E_., c= 12.
w w

Taking the above-mentioned assumption into account, Equation (6) takes
the following form:

dx : : m m
— = UC(a+Dbx+ cx?)™(Ac)Mrzx2 )
The indefinite integral has the following form:
m
dx ™ — IUC(AO':)m?T?dN (10)

(a+bx+cx2)Mxz

Hence, fatigue life of the structural element for assumed type of load is as
follows:

1 la dx
N = m m
UC(Ao)mm2 o x2(a+ bx + cx?)™

For R = a + bx + cx? the equation has the form:

1 lg
N =
o, T (1n

dx

Calculation of Integral (11) in analytical form is difficult. Hence, the
fatigue life description was carried out for two special cases: when the exponent
of the Paris formula is m =2 and m = 4.

Fatigue life determination for m =2

Formula (11) for m = 2 takes the following form:

_ 1 J-ldﬂ
~ UC(As)2mlo xR? (12)

where: R =(a + bx + cx?).
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Indefinite integral [2]:

dax _ 1 x_‘f 1 _ _b(b+2¢x:} _i _ 2ac d_x
xR2 2a? n R + ZﬂR(l A ) (l + ) (13)

dx
Integral f g has following solution [2]:

-2 b+2cx
= aretg h = dlaA< 0
Ly dlad= 0
R b+2Zcx
Zarctg=="  dlad> 0 (14)

where: A= 4ac — b2.

For the assumption that A > 0 Indefinite Integral (13) takes the form:

dx 1 x2 1 (. b(b+2ex) b 2ac\ 2 b+2cx
xR?2 ~ 2a? In R + 2aR (l A ) 2a? (l + A )\I,Earctg 7 (15

Calculating the definite integral:

32 1 ( b(b+2c?ld)) b( 2ac\ 2 b+2cly
—— ) ——(1+—)—=arct = | —
A 2a? A S g VA

lg dx
[f== [ n +
Iy xRZ 2a? R(lg) 2aR(lg)

1 _b(_b+2clg] _i ) 2ac\ 2 b+2cly
R(lp) ZaR(lg)(l A ) 2a? (l+ A)v‘EarCt‘g VA ] (16)

[—In

where: R(lg)=(a+ bl + c(1,)?); R(l)=(a + bly + c(15)?)

The fatigue life of the element for m = 2 can be obtained from the

following:
__ 1 (ladx
T uc(Ae)?m 'rlg xR2 (17)

where: integral f R2 is described by Equation (16).
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Fatigue life determination for m = 4
The main task in this case is to the calculation of indefinite integral:

dx
R*x?
Calculating Integral (18):
J- d« _ 1 [ 3a a3(b®-3abc+bZex—2ac?x) _
R*x? ~ 3a° x (j—b2+4ac)(a+x(b+cxj))3

a2{3b5—220b3c+35a2 bcz+3b4cx—20abzczx+22a2ch)
(b%2—4ac)? (a+x(ib+cx))2

3a(—3b7+34ab56—124a2b3c2+134a3bc3—3b"’cx+32ab"‘czx—104a2bzc3x+76a3c4x}
(b2—4ac)3(ﬂ +x(b+cx:))

12(1}9—l4absc+70a2IJ"'CZ—140&3b203+70a4c4)arctg[lm$]
vobrriae _ 12h - log(x) + 6b -

(~b2+4ac) /2

log(a+x(b + cx)) (18)

Finally, applying a similar procedure like for m = 2 one can determine the
fatigue life of the structural element for the Paris formula exponent m = 4.

3. Fatigue life of selected structural elements under variable amplitude
loading

In this model, further assumptions are as follows:
1. Aircraft structural element works during operation under variable loading.
2. Fatigue loading of the component is determined with some spectrum of
loads, set up using a pattern of loading in the standard flight of aircraft.
3. Spectrum of loads is determined as follows:
- The load spectrum consist of N. cycles.
- Load cycles can be ordered in L stress levels and each level has maximum

stress values g/, aJ"", ..., g/

4. The number of maximum stress values repetitions in the load spectrum is as
follows:
max . . - .
01" occurs nq times, gy*“* occurs ny times, ..., g, occurs 1y, times.
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The number of specified load level repetitions during a standard flight of the
aircraft is as follows: N, = Z';_‘Zl n;.

5. The minimum stress value at the specified load levels is described by the
following formula:

min min
. ; + -t
min _ 1,2 LN

LsT ng , where I = 1,2,...,n;.

min
o, to

6. Table 1 shows the maximum and minimum stress levels and the frequency of
stress levels appearing in the spectrum:

: mex .. min .
Table 1. Maximum 0j and minimum Oj;g. stress values in the cycles, and
),

frequencies of their appearing in the spectrum P;

min

max 4nd minimum O & warto$ci naprezen

Tabela 1.  Zestawienie maksymalnych O;
w cyklach oraz czgstosci ich wystgpowania P;

max mazx max max max
UI 0'1 O'Z - 0'1 - O'L
min min min min min
O sr 1,4r 2,81 e iér e Opsr
n; i n; n,
P; PP=— | Pb=— Pi=— P =—
Nc N¢ N¢ N

7. Table 2 presents stress ratio coefficients and empirical function U of the

-

crack closure contribution to crack growth as related to stress ratio R;:

Table 2. Stress ratios ﬁi and empirical coefficients of influence on crack growth U;

Tabela 2. Zestawienie wspolczynnikow asymetrii cyklu oraz wspolczynnikow uwzgled-
niajacych ich wptyw na predkosé pekania

cykle i 1 2 i L
R; R, R, R; R,
U; U, U, N U . U,
~ ohin A ~ 2
where: R; = J;,;f;x, U =1+ R; +X3 R; . ¢y, &y, 5 —  empirical
coefficients.

8. Table 3 consist of stress range levels:

— max _ ,_min
Ao; = o; O; &r
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Table 3. Range of stress Ag; and frequencies of their appearing in the spectrum P;

Tabela 3. Zestawienie wartoéci zakresu zmian naprezen Ag;

oraz czgstosci ich
wystepowania P;
cycle types 1 2 i L
Aa; Aoy Aa, Ag; Aay,
P; Py Py P Py

9. Table 4 consist of retardation coefficients C ip for specified levels which takes
into consideration the influence of overload cycles on crack growth rate:

Ao-i,ef = CL{JAO'L'
where: C iP — retardation coefficients.

Table 4. Range of effective stress Ag; ef which takes into consideration effect
of overload cycles

Tabela 4. Zestawienie wartosci zakresu zmian

naprezen  efektywnych  Ady 7
uwzgledniajacych wystepowanie cykli przecigzajacych

cycle types 1 2 i L
coefficients cf ct ch cF
Ao-i,ef AUL?JF Aﬂ'zjef AO_f,?f AO_L,Q)C

The crack growth process, approached in a deterministic way, has been

described with the Paris formula in (1). For the above-mentioned assumptions,
Formula (1) for i-th type of load cycles has following form:

dl m m
a = CUEMEL(ﬁUiJef)mTF 2 (2 (2())

Taking into consideration all types of load cycles, Formula (20) has the
following form:

d

j = cm2 (Th, P Ui(Aoy o) " YMPT2 Q1)

Assuming that

l=x:M, =R:R = (a+ bx+ cx?)
Then

dx

m m . m
—y = Cm2 (Zle P; Uf(ﬂo-ijef) )(a + bx + cx?)Mxz 22)
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The integration of equation (22) produces the following fatigue life
formula:

1 lg dx

N —_ il T
cn7(Sh, Pii(Aoyer)™) "0 xZRM (23)

Equation (23) provides the possibility of the fatigue life calculation for
structural elements with use of a variable amplitude loading description, which
take into consideration L load types.

Using these results one can derive a formula for the fatigue life calculation
of a structural element for the Paris formula exponent m =2 or m = 4.

4. Final remarks and a computational example

The method was verified by predicting the crack behavior and fatigue life
estimation for steel sheet subjected to variable amplitude load program. The
specimens geometry given in Fig. 2 were cut out from the sheet. Subsequently, a
through-thickness central hole of 5 mm in diameter, was cut inside each
specimen. The central hole had on each side a through-thickness saw cut of
2.5 mm length and an initial pre-crack of 2.5 mm length, the total length of the
initial crack was equaled to 2/ = 20 mm. The hole served as crack initiator.

120°

2w=100

i

400 Scale 5:1

Fig. 2. Geometry of specimen
Rys. 2. Geometria probki

The calculation was carried out for a variable amplitude load spectrum.

The characteristic of the spectrum is presented in Table 5. The table contains
n

maximum stress crf" ax average minimum stress O}trsl:' and effective stress
range values Ag; . s for the established 7 load levels with frequency of stress
levels appearing in the spectrum. Furthermore, the table contains stress ratio
coefficients ﬁi and empirical function U; of crack closure contribution to crack
growth relates to stress ratio:

U; = 0,55 + 0,33R,; + 0,12R;”
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The calculation was carried out with use of following material constants:
m=2
C=8-10"

Table 5. Quantities which describe loading spectrum
Tabela 5. Wielkosci charakteryzujace widmo obciazen

Load level i 1 2 3 4 5 6 7
Number of cycles 1 5 4 10 30 50 140

g [MPa] 186 159 141 129 | 112 93 72

o/t [MPa] 28 | -13 8 17 | 23 | 27 | 27
Coefficient R; -0.1505|-0.0818{0.0567(0.1317]0.2053|0.2903 | 0.375

Stress range Ao; - [MPa] 214 172 133 112 89 66 45
Empirical function Ui 0.5030 | 0.5238 [0.5691]0.5955]0.6228(0.6559]0.6906

Load level contribution into
load spectrum P;

0.0042 | 0.0208 {0.0167]|0.0417| 0.125 {0.2083|0.5833

Furthermore, the calculation of fatigue life was carried out for crack growth
from initial crack length /; = 10 mm to admissible crack length /, = 27 mm. The
admissible crack length was calculated using Formula (5). Retardation

coefficient C{ which takes into consideration the influence of overload cycles

on crack growth rate was assumed as C {D = 1. Finally, Formula (23) was used
for the calculation fatigue life for m = 2:

N 1 j‘ld dx
la = 2 2

CTE( L P U(Aciey) ) , XR
Integral described by Formula (16):

lg

dx 1 1, 1 b(b + 2cly)
f—: —1In —+ —(1 -
xR? 2a®  R(ly) 2aR(ly) A

I

b ( 2(1(7) 2 b+ 2cly

2a?

1 l2 1 b(b + 2cl
_[ I 0 (1_ ( Co_))

— +
2a2 "Ry  2aR(y) A
b ( 2(1(?) 2 . b+ 2cly
22\" T2 )BT TR

where: R(1,)=(a + bly + c(15)?): R(lo)=(a + bly + c(ly)?): A= 4ac — b*.
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: N 0,1 1
For the geometry specified in Fig. 2a = 1,b = Tz

, >, where

element width w = 50 mm

On the basis of the above-mentioned formula, the authors made a
fatigue life calculation for structural elements with use of variable amplitude
loading description included in Table 5. As a result of the calculation, value
Ny, = 114000 cycles is the fatigue life expressed by number of cycles.

This method has the advantage of taking into consideration physical
phenomenon connected with variable amplitude loading and variable
geometrical coefficient M;. On the basis of this confirmation, this method may
be of practical use for structure’s element fatigue life assessment. This method
can be extended in the future by solution for various Paris exponent m values.

5. Literature

[1] Kocanda S., Szala J., Podstawy obliczen zmeczeniowych, PWN, Warszawa 1985.

[2] Ryzyk J.H., Gradsetyn J.S., Tablice catek, sum, szeregow i iloczynow, PWN, Warszawa 1964.

[3] Tomaszek H., Zurek J., Jasztal M., Prognozowanie uszkodzer zagrazajgcych bezpieczenstwu lotow
statkow powietrznych, Wydawnictwo naukowe ITE, Radom 2008.

[4] Kocanda D., Tomaszek H., Jasztal M., Predicting fatigue crack growth and fatigue life under
variable amplitude loading, Fatigue of Aircraft Structures - Monographic Series Issue 2010 -
Institute of Aviation Scientific Publications, Warsaw 2010.

[5] Schijve J., The significance of fractography for investigations of fatigue crack growth under
variable-amplitude loading, Fatigue Fract Eng Mater Struct 22 (1999).

Zarys metody oceny trwalo$ci wybranych elementéw konstrukeji statku powietrznego

Streszczenie

W artykule zaprezentowano sposob analitycznego wyznaczenia trwato$ci zmeczeniowej
elementow konstrukcyjnych dla przypadku obcigzenia cyklami jednorodnymi oraz dla zmiennego
widma obcigzenia. Opis deterministyczny rozwoju peknigcia oparto na zaleznosci Parisa
zawierajace] wspotczynniki korekcyjne uwzgledniajace geometri¢ elementu oraz geometri¢
pekniecia, a takze zjawiska zwigzane z oddziatywaniem zmiennego widma obcigzenia. Zaleznosci
koncowe na trwatos¢ zmeczeniowa zostaty wyznaczone dla dwoch przypadkow szczegolnych, gdy
wyktadnik rownania Parisa m = 2 oraz m = 4. Przedstawiony przyktad obliczeniowy pozwolit na
przeprowadzenie weryfikacji liczbowej opracowanego modelu oraz zobrazowal aplikacyjny
charakter opracowanej metody.








